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[1] Estimates of volcanic source mass ﬂux, currently deduced from observations of plume
height, are crucial for ash dispersion models for aviation and population hazard. This study
addresses the role of the atmospheric wind in determining the height at which volcanic
plumes spread in the atmosphere and the relationship between source mass ﬂux and plume
height in a wind ﬁeld. We present a predictive model of volcanic plumes that describes the
bending over of the plume trajectory in a crosswind and show that model predictions are in
accord with a dataset of historic eruptions if the proﬁle of atmospheric wind shear is
described. The wind restricts the rise height of volcanic plumes such that obtaining
equivalent rise heights for a plume in a windy environment would require an order of
magnitude increase in the source mass ﬂux over a plume in a quiescent environment. Our
model calculations are used to calibrate a semi-empirical relationship between the plume
height and the source mass ﬂux that explicitly includes the atmospheric wind speed. We
demonstrate that the model can account for the variations in plume height observed during
the ﬁrst explosive phase of the 2010 Eyjafjallajökull eruption using independently
measured wind speeds and show that changes in the observed plume height are better
explained by changing meteorology than abrupt changes in the source mass ﬂux. This
study shows that unless the wind is properly accounted for, estimates of the source mass
ﬂux during an explosive eruption are likely to be very signiﬁcant underpredictions of the
volcanic source conditions.
Citation: Woodhouse, M. J., A. J. Hogg, J. C. Phillips, and R. S. J. Sparks (2013), Interaction between volcanic plumes and
wind during the 2010 Eyjafjallajo¨kull eruption, Iceland, J. Geophys. Res. Solid Earth, 118, 92–109, doi:10.1029/2012JB009592.
1. Introduction
[2] A major hazard arising from explosive volcanic erup-
tions is the injection of volcanic ash into the atmosphere
and its subsequent dispersion and deposition. The largest
eruptions can inject large volumes of ash at stratospheric
levels which have been responsible for global temperature
changes and ash deposition over thousands of square kilo-
meters with major infrastructural and societal impacts [Self,
2006].
[3] The weakly explosive phase of the 2010 eruption of
Eyjafjallajökull (magnitude volcanic explosivity index
[Newhall and Self, 1982] of 3) caused signiﬁcant disruption
to aviation over European airspace, highlighting the severe
and extensive consequences of smaller eruptions to interna-
tional infrastructure and transport. Modern commercial jet
engines are susceptible to damage from low concentrations
of ash, and airframes can be subject to abrasion from the sus-
pended particulates. Prior to the 2010 Eyjafjallajökull erup-
tion, the International Civil Aviation Organization (ICAO)
adopted a precautionary policy of ash avoidance, with no
concentration of ash in the atmosphere considered safe for
aircraft. However, the disruption to transatlantic and
European aviation during the ﬁrst week of explosive activity
at Eyjafjallajökull (14–18 April 2010) led to a relaxation of
this policy in Europe, with the UK Civil Aviation Authority
and Eurocontrol introducing ash concentration thresholds
for commercial air trafﬁc [Bonadonna et al., 2012]. Ash con-
centrations below 2mgm3 are considered safe for ﬂights
[ICAO, 2010; CAA, 2011; Langmann et al., 2012], while
ﬂight operations at higher concentrations require a Safety
Case accepted by national regulators [CAA, 2011]. Typically,
Safety Cases have been accepted for ash concentrations up to
4mgm3 [CAA, 2011]. The introduction of ash concentra-
tion levels places increased demands on atmospheric ash dis-
persion modeling for airspace management during volcanic
crises [Bonadonna et al., 2012]. Crucial components of fore-
casts of the movement of ash in the atmosphere are the level
of neutral buoyancy of the volcanic plume in the stratiﬁed
atmosphere (the ‘plume height’) and the mass ﬂux of material
released from the volcano. Accurately determining these
source conditions is an essential requirement for airspace
management during volcanic crises [Bonadonna et al.,
2012].
[4] The source mass ﬂux of a volcanic plume is currently
impossible to measure directly but is fundamentally related
to the plume height as a result of the dynamics of buoyant
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plume rise in the atmosphere [Morton et al., 1956]. This has
led to inversion methods to estimate the source mass ﬂux
based on the approximate quarter-power relationship to the
plume height in a density-stratiﬁed environment such as
the atmosphere [Morton et al., 1956; Wilson et al., 1978;
Sparks, 1986; Sparks et al., 1997; Mastin et al., 2009].
A small dataset of historic eruptions where the source
duration, total erupted mass, and plume neutral buoyancy
height are known has been used to calibrate this relation-
ship [Wilson et al., 1978; Sparks, 1986; Sparks et al.,
1997; Mastin et al., 2009]. This dataset (and the calibrated
plume height-mass ﬂux relationship) is inevitably biased
by the disproportionate number of large eruption events,
for which volcanic ash deposits are more easily assessed,
while there is less data available for the more frequent
yet smaller eruptions. Furthermore, plumes from smaller
eruptions are more strongly affected by atmospheric con-
ditions, in particular atmospheric winds, during the ascent
of material in the atmosphere. Wind-affected volcanic
plumes are therefore under-represented in the historical
eruption dataset, so application of calibrated inversion
methods to lower source mass ﬂux plumes produced by
smaller magnitude volcanic activity could be signiﬁcantly
in error. We have re-analyzed the historic eruption dataset
and ﬁnd that volcanic plume height depends systematically
on atmospheric wind speed for a given source ﬂux, and
have explored the underlying relationships using an integral
modeling approach accounting for the thermodynamic
exchange of heat between volcanic ash, volcanic gas, and
entrained atmospheric air, and the entrainment of horizontal
momentum due to the atmospheric wind [Hewett et al., 1971;
Bursik, 2001].
[5] The key physical process controlling the ascent of a
turbulent buoyant plume is the entrainment of environmental
ﬂuid into the body of the plume by turbulent eddies on the
plume margins. Turbulence within the plume then efﬁciently
mixes the entrained ﬂuid, altering the density contrast
between the plume and the surrounding environment. In a
stratiﬁed environment, the plume density may eventually
match that of the environment, at which point the vertical
component of the buoyancy force on the plume vanishes.
This is the level of neutral buoyancy. Inertia causes the plume
to rise above this level of neutral buoyancy, and the plume
density here exceeds the environment. The material in the
plume therefore falls back and begins to spread laterally
about the level of neutral buoyancy.
[6] Integral models of turbulent buoyant plumes [Morton
et al., 1956] represent the entrainment process through a
simple entrainment velocity which, in the most basic models,
is linearly proportional to the centerline velocity of the plume
with the coefﬁcient of proportionality known as the entrain-
ment coefﬁcient, here denoted by ks. Such models have been
utilized widely to quantitatively describe the rise of industrial
and environmental plumes [Woods, 2010]. An integral model
of volcanic eruption columns can be formulated by explicitly
including a description of the thermodynamics of heat trans-
fer between solid pyroclasts, magmatic gases, and entrained
air [Woods, 1988].
[7] Plume rise in a crosswind has been modeled by includ-
ing momentum conservation in the horizontal direction as
well as the vertical [Hewett et al., 1971]. The wind-driven
plume model introduces an additional entrainment coefﬁ-
cient, denoted here by kw, which parameterizes the entrain-
ment parallel to the plume as it bends over in the crosswind.
Together, these models can be used to describe the rise of
volcanic eruption columns in a wind ﬁeld [Bursik, 2001;
Degruyter and Bonadonna, 2012].
[8] Eyjafjallajökull is a stratovolcano on the south
coast of Iceland, with a summit at 1666m above sea level
[Siebert and Simkin, 2002–2012]. The 2.5 km-wide summit
caldera is covered by ice around 200m (and up to 400m)
thick [Magnússon et al., 2012]. The explosive phases of the
Eyjafjallajökull eruption began on 14 April 2010 beneath
the ice cover. Volcano-ice interactions rapidly melted
through the ice cover, with distinct cauldrons forming during
14–16 April [Magnússon et al., 2012]. An ash-poor plume
from Eyjafjallajökull was observed on the morning of
14 April [Arason et al., 2011; Höskuldsson et al., 2011;
Magnússon et al., 2012], with a dark ash-rich plume rising
from around 1830 UTC on 14 April and continuing until
18 April. The volcano-ice interaction during the ﬁrst explo-
sive phase (14–17 April) produced very ﬁne-grained ash
[Dellino et al., 2012]. Between 18 April and 4 May, the
eruption intensity fell, but explosive activity resumed on
5 May and continued with a varying intensity until 18 May
(the second explosive phase) [Gudmundsson et al., 2011;
Höskuldsson et al., 2011] producing ﬁne-grained ash-rich
plumes. From 18 May, the eruption intensity declined, with
continuous activity ending on 22 May 2010. Some of the
ﬁne-grained ash, produced predominately during the ﬁrst
explosive phase and the early part of the second explosive
phase (5–7 May) [Stevenson et al., 2012], was carried over
large distances by atmospheric winds, although most was
deposited near to the volcano as aggregates [Bonadonna
et al., 2011; Stevenson et al., 2012].
[9] In section 2, we derive an integral model to describe
volcanic plumes, composed of solid pyroclasts, magmatic
gases, and entrained air, rising in a windy atmosphere. We
demonstrate that the predictions of the integral model for
the dependence of the plume rise height on the source mass
ﬂux adequately describe observations from the historical
record when wind shear is included in the integral model.
The integral model predictions are used to calibrate a new
semi-empirical relationship, akin to those of Sparks et al.
[1997] and Mastin et al. [2009], that explicitly includes
the atmospheric wind speed. In order to assess the role
of phase changes of water and the release of latent heat
on the ascent of wind-blown volcanic plumes, we derive
an integral model of moist volcanic plumes in a windy,
moist atmosphere in section 3. We discuss the implications
of our modeling in sections 4 and 5. In section 4, we com-
pare results of our integral plume models to a time series
of observed plumes rise heights during the ﬁrst explosive
phase of the 2010 Eyjafjallajökull eruption. We demon-
strate that the inclusion of atmospheric wind in the integral
plume model allows observed variations in plume height
to be described, with signiﬁcant implications for the esti-
mation of the source mass ﬂux. We then comment on
the consequences of our results for ash dispersion model-
ing and aviation, and on the estimation of the source mass
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ﬂux for explosive volcanic eruptions, in section 5. Finally,
in section 6, we present some concluding remarks.
2. Integral Model of Dry Volcanic Eruption
Columns in a Crosswind
[10] An integral model for a steady volcanic eruption col-
umn in a wind ﬁeld can be derived by combining an integral
model of pure plumes in a horizontal wind [Hewett et al.,
1971] with an integral model of volcanic eruption columns
in a quiescent atmosphere [Woods, 1988]. The volcanic
plume model of Woods [1988] extends the classical integral
model of turbulent buoyant plumes [Morton et al., 1956] to
include essential features of volcanic eruption columns. In
particular, aspects of the multiphase character of the plume,
which is a mixture of solid pyroclasts and gases, and the
thermodynamics of heat exchange between these phases
are included in the mathematical description of the plume.
[11] The mathematical model presented here shares the
same entrainment formulation [Hewett et al., 1971] as that
applied by Bursik [2001] to volcanic plumes. However,
while Bursik [2001] adopts the quiescent plume model of
Glaze and Baloga [1996], our model utilizes the formulation
of Woods [1988] which additionally incorporates the inﬂu-
ence of the solid pyroclasts on the bulk plume properties
(i.e., the plume density and heat capacity) and so is applica-
ble for large explosive eruptions where the solid content of
the plume near the vent is high and the heat content of the
pyroclasts and transfer of heat from solids to entrained air
has an important effect on the plume dynamics [Woods,
1988; Sparks et al., 1997]. The model of Woods [1988]
neglects the contribution of the adiabatic cooling of the gas
phase in the energy conservation equation that appears in
the model of Glaze and Baloga [1996] for vapor plumes.
The adiabatic cooling term [Glaze and Baloga, 1996] is
typically much smaller than the cooling produced by the
entrainment of ambient atmospheric air, making only a small
contribution to the heat budget. Furthermore, it is not clear
how the presence of solid pyroclasts affects this adiabatic
cooling, particularly at high solids concentration near to the
vent. While a signiﬁcant proportion of the gas issuing from
volcanic vents is water vapor [Sparks et al., 1997], in this
section we assume there is no change of phase of the water
vapor, an assumption that is relaxed in section 3 where we
develop an extension of the dry wind-blown plume model
to describe the moisture content of the plume and the sur-
rounding environment.
[12] Models of the fallout of pyroclasts from the rising
plume have been proposed for plumes in quiescent environ-
ments [Ernst et al., 1996; Woods and Bursik, 1991; Sparks
et al., 1997]. However, it is not currently known how the
interaction with the wind modiﬁes the empirical settling
models [Ernst et al., 1996; Bursik, 2001] that are used to
describe sedimentation of particles from plumes rising in
quiescent environments. Plume models which include parti-
cle fallout in quiescent environments have shown that the
loss of mass associated with fallout has only a small effect
on the rise height attained by buoyant plumes unless fallout
occurs before pyroclasts have thermally equilibrated with
the gases in the plume [Woods and Bursik, 1991; Sparks
et al., 1997]. For eruptions producing pyroclasts larger than
a few millimeters, there is a signiﬁcant relaxation time to
thermal equilibrium and pyroclasts may fall out before
thermal equilibrium is reached, reducing the supply of heat
(and therefore buoyancy) to the eruption column [Woods
and Bursik, 1991; Sparks et al., 1997]. Therefore, for
coarse-grained eruption columns, particle fallout may play
an important role in determining the plume rise height. In
contrast, since thermal equilibrium occurs rapidly for small
grain sizes (within 1 km of the vent for pyroclasts of diameter
up to approximately 0.4 cm ejected at 100m s1) [Woods and
Bursik, 1991; Sparks et al., 1997], the fallout of pyroclasts
has little effect on ﬁne-grained eruption columns. We expect
thermal equilibration of the ﬁne-grained pyroclasts and the
gases to also occur rapidly in a wind-blown plume, so expect
the fallout of pyroclasts to have only a secondary effect on
the rise height attained by the plume. We therefore neglect
the fallout of pyroclasts in our model.
[13] The entrainment of environmental air into the body of
the plume through the action of turbulent eddies is parameter-
ized empirically by an entrainment velocity that is directed
normal to the local plume axis (Figure 1). In a windy environ-
ment, where the plume trajectory deviates from the vertical,
the entrainment velocity has contributions from the differen-
tial velocities tangential and normal to the axis of the plume.
This can be modeled [Hewett et al., 1971] with an entrain-
ment velocity given by
Ue ¼ ks U  Vcosθj j þ kw V sinθj j; (1)
where U is the axial centerline velocity of the plume, V is the
horizontal velocity of the wind, θ is the local angle of the
plume axis to the horizontal, ks is the entrainment coefﬁcient
due to the motion of the plume relative to the environment,
and kw is the entrainment coefﬁcient due to the alignment
of the wind ﬁeld with the local normal to the plume axis.
Figure 1. A model of a volcanic plume in a crosswind. A
Cartesian coordinate system is ﬁxed with x denoting the dis-
tance downwind from the vent and z denoting the vertical
distance from the vent. Equations describing the plume dy-
namics are derived in a plume-centered coordinate system,
with s denoting the curvilinear distance (arc length) from
the vent along the plume axis, and θ(s) is the angle of the
centerline with respect to the horizontal. A cross-section of
the plume normal to the centerline has area A and circumfer-
ence Ω. The wind speed is denoted by V(z), the centerline
speed of the plume is U(s), and Ue denotes the entrainment
velocity at the plume margins.
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In the absence of atmospheric wind, V= 0, the entrainment
velocity (1) reduces to Ue= ksU, and therefore, ks is the
entrainment coefﬁcient for plumes rising in a quiescent
environment [Morton et al., 1956; Woods, 1988]. When
incorporated into an integral model of buoyant plumes in a
uniform crosswind, this form for the entrainment velocity
(1) is able to reproduce plume trajectories observed in labora-
tory experiments [Hewett et al., 1971].
[14] A mathematical description of the variation of the
steady eruption column with distance from the volcanic
source is formulated in a plume-centered coordinate system
within a Cartesian frame of reference (Figure 1). We let z
denote the height of the plume, x denote the distance from
the vent in the downwind direction and s denote the curvi-
linear distance from the vent along the centerline of the
plume. Therefore, x and z are related to s through
dx
ds
¼ cosθ; dz
ds
¼ sinθ: (2)
[15] Turbulence within the body of the plume ensures that
the material remains well mixed, and properties of the erup-
tion column can be described by time-averaged bulk quanti-
ties, with the time averaging performed over a time interval
greater than the eddy-turnover time [Woods, 1988]. The bulk
density of the plume, denoted by r(s), varies due to the
entrainment, mixing, and expansion of atmospheric air,
which has density ra. The bulk temperature of the column
is denoted by T(s), while the atmospheric temperature is Ta.
Equations describing the variation of r(s), U(s), and T(s)
are derived by considering conservation of mass, momen-
tum, and energy in cross-sections normal to the plume axis
with area A and boundaryΩ (Figure 1). Neglecting the fallout
of solid pyroclasts from the column, the mass of the column
increases due to the entrainment of atmospheric air at the
boundary of the plume, so mass conservation demands
d
ds
Z
rU dA ¼
I
raUedΩ: (3)
[16] An equation for the conservation of vertical momen-
tum can be written using Newton’s second law, with the
change in vertical momentum balancing the buoyancy force,
d
ds
Z
rU2sinθdA ¼
Z
g ra  rð ÞdA: (4)
Here it is assumed that deviations of the vertical pressure
gradient from hydrostatic and stresses are negligible. The
horizontal momentum of the column changes only due to
the entrainment of ﬂuid from the windy environment, so
conservation of horizontal momentum can be written
d
ds
Z
rU 2cosθdA ¼
I
raUeVdΩ: (5)
[17] It is most convenient to formulate the total energy
of the eruption column at distance s in terms of the bulk
enthalpy of the plume material [Woods, 1988], as the work
done in expanding gaseous phases due to temperature or
pressure changes is then included. The total energy of the
plume is the sum of the bulk enthalpy, kinetic energy and
potential energy, and the total energy changes due to the
entrainment of atmospheric ﬂuid. Conservation of energy
is therefore given by
d
ds
Z
r CpT þ U
2
2
þ gz
 
UdA
¼
I
ra CaTa þ
U 2e
2
þ gz
 
UedΩ;
(6)
where Cp and Ca are the speciﬁc heat capacities at constant
pressure of the bulk plume and the atmospheric air,
respectively.
[18] If we assume top-hat proﬁles for r, U, and T (i.e.,
these quantities have constant values within the plume and
vanish outside the plume boundary) and that cross-sections
of the plume normal to the axis are circular with radius
R(s), then the integrals in (3)–(6) can be evaluated to give
d
ds
rUR2
  ¼ 2raUeR; (7)
d
ds
rU 2R2sinθ
  ¼ ra  rð ÞgR2; (8)
d
ds
rU2R2cosθ
  ¼ 2raUeRV ; (9)
d
ds
rUR2 CpT þ U
2
2
þ gz
  
¼ 2raRUe CaTa þ
U 2e
2
þ gz
 
:
(10)
Other proﬁles, for example, Gaussian distributions, could be
adopted to describe the variation of density, velocity, and
temperature within the plume. However, adopting such pro-
ﬁles has little effect on the predictions of plume models in
quiescent environments if the value of the entrainment coef-
ﬁcient is appropriately adjusted [Kaye, 2008].
[19] The mass ﬂux pQ, axial momentum ﬂux pM, and the
enthalpy ﬂux pE of the eruption column are deﬁned as
Q ¼ rUR2;M ¼ rU 2R2;E ¼ rUR2CpT : (11)
The system of equations (7)–(10) can be combined to give
dQ
ds
¼ 2raUe
Qﬃﬃﬃﬃﬃﬃﬃ
rM
p ; (12)
dM
ds
¼ g ra  rð Þ
Q2
rM
sinθ þ 2ra
Qﬃﬃﬃﬃﬃﬃﬃ
rM
p UeVcosθ; (13)
dθ
ds
¼ g ra  rð Þ
Q2
rM2
cosθ  2ra
Q
M
ﬃﬃﬃﬃﬃﬃﬃ
rM
p UeV sinθ; (14)
dE
ds
¼ CaTa þ U
2
e
2
 
dQ
ds
þ M
2
2Q2
dQ
ds
ra
r
Qgsinθ  2ra
ﬃﬃﬃﬃﬃ
M
r
s
UeVcosθ;
(15)
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where
Ue ¼ ks MQ  Vcosθ
 þ kw V sinθj j: (16)
[20] The bulk density of the plume is related to the density
of the solids pyroclasts, rs, and the density of the gaseous
phase [Woods, 1988] as
1
r
¼ 1 n
rs
þ nRgT
Pa
; (17)
where n is the mass fraction of gas, Pa is the pressure of the
atmosphere, and Rg is the bulk gas constant of the plume.
Note that in (17), it is assumed that the pressure in the plume
is instantly equilibrated with the atmospheric pressure. Con-
servation of solid pyroclasts, with no particle fallout, allows
the gas mass fraction to be determined as
n ¼ 1 1 n0ð ÞQ0Q ; (18)
where zero subscripts denote quantities at the vent. The bulk
gas constant and bulk heat capacity at constant pressure can
then be determined [Woods, 1988; Scase, 2009] with
Rg ¼ Ra þ Rg0  Ra
  n0 1 nð Þ
n 1 n0ð Þ ; (19)
Cp ¼ Ca þ Cp0  Ca
  1 nð Þ
1 n0ð Þ ; (20)
where Ra and Ca are the gas constant and the heat capacity at
constant pressure of the air, respectively. We assume that the
magmatic gas at the vent is composed predominately of water
vapor, so take the bulk gas constant at the source to be the gas
constant of water vapor, Rg0 =Rv, and the bulk speciﬁc heat
capacity to be given by Cp0 = n0Cv+ (1 n0)Cs, where Cv
and Cs are the speciﬁc heat capacities at constant pressure
of water vapor and the solid pyroclasts, respectively.
[21] If observations of the atmospheric temperature and
pressure are known, they can be utilized in the plume model,
with interpolation between data points used to approximate
the atmospheric conditions at points of integration. Here
we use linear interpolation as this does not introduce possibly
spurious local extrema in the atmospheric ﬁelds. In the
absence of atmospheric observations, we adopt the U.S.
Standard Atmosphere [COESA, 1976] to describe the atmo-
spheric temperature and pressure ﬁelds, with the atmospheric
temperature given by
Ta zð Þ ¼
Ta0  mz; for z < H1;
Ta0  mH1; for H1 ≤ z ≤ H2;
Ta0  mH1 þ l z H2ð Þ; for z > H2;
8<: (21)
where Ta0 is the temperature at sea level, m and l are the lapse
rates of temperature in the troposphere and stratosphere,
respectively, H1 is the altitude at which the tropopause
begins, and H2 is the altitude at which the stratosphere
begins. Note that the temperature in the Standard Atmo-
sphere decreases linearly in the troposphere and increases
linearly in the stratosphere. The atmospheric pressure in
the Standard Atmosphere is assumed to be hydrostatic
[Gill, 1982],
dPa
dz
¼  gPa
RaTa
: (22)
The density of the atmosphere is found by assuming that the
atmospheric gases behave as ideal gases, so
ra ¼
Pa
RaTa
: (23)
[22] The mathematical model is completed by providing
closure relations for the entrainment coefﬁcients. Typically,
the entrainment coefﬁcient for buoyant plumes in quiescent
environments is taken to be a constant, with ks 0.09. How-
ever, there is some evidence from laboratory experiments
that ks is not constant [Kaye, 2008] but varies towards a con-
stant value as the plume evolves towards a self-similar form
[Kaminski et al., 2005; Carazzo et al., 2006]. The variation
in the entrainment coefﬁcient is related to the proﬁles of
plume velocity, buoyancy, and turbulent shear stress within
the plume, and an empirical expression for the entrainment
coefﬁcient has been determined for plumes in a quiescent
environment [Carazzo et al., 2006]. In a cross ﬂow, it is
likely that these proﬁles are altered. However, there has been
no investigation of the detailed inﬂuence of the wind on the
variation of the entrainment coefﬁcient. We therefore adopt
a simple model [Woods, 1988] to represent the variation of
the entrainment coefﬁcient as the eruption column develops
from a momentum-driven jet near the vent to a buoyant
plume, with the eruption column separated into distinct
regions. In the near-source region, the material issuing from
the vent is more dense than the atmosphere due to the high
concentration of particulates and is driven upwards as a
dense jet. The entrainment coefﬁcient in this gas-thrust
region is a function of the density contrast [Woods, 1988]
and is taken to be ks ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r=ra
p
=16. The entrainment of atmo-
spheric air in the gas-thrust region reduces the bulk density of
the eruption column and may lead to the column becoming
buoyant. In this buoyant region, we take the entrainment
coefﬁcient ks= 0.09. There have been fewer investigations
of appropriate entrainment models for plumes in a cross-
wind. A study of the sensitivity of model predictions for
the rise height of volcanic plumes in a wind ﬁeld to the
values assigned to the entrainment coefﬁcients [Barsotti
et al., 2008] has shown that variation in the entrainment
coefﬁcients, within the range 0.09 ≤ ks ≤ 0.15 and 0.6 ≤
kw ≤ 1.0 suggested by experimental investigations, results
in signiﬁcant changes in the calculated plume heights. Here
we take a constant entrainment coefﬁcient kw = 0.9 deter-
mined from a series of laboratory experiments [Hewett
et al., 1971].
[23] Examples of solutions of the integral model for volca-
nic plumes in a crosswind, with atmospheric conditions
modeled with the U.S. Standard Atmosphere and parameters
given in Table 1, are shown in Figure 2. Initial conditions for
the integration of the governing equations are given in
Table 2. The atmospheric wind proﬁle is modeled with a
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constant wind shear up to the tropopause, with constant wind
speed V1 above,
V zð Þ ¼ V1z=H1; for z < H1;
V1; for z ≥ H1:

(24)
[24] The solutions demonstrate increasingly bent-over
plume trajectories as the wind speed V1 increases.
Furthermore, the enhanced entrainment of environmental
ﬂuid into a plume rising in a wind ﬁeld results in a more rapid
rate of decrease in the density contrast between the plume
and the atmosphere, and the rise height of the plume in a
crosswind is consequently reduced. Note here we have not
considered rotation of the wind ﬁeld. The integral plume
model can be extended to include changing wind direction
by introducing a third coordinate axis, the azimuthal wind
angle, and an additional equation for the conservation of
momentum along this third axis. An examination of solutions
to the integral model in wind ﬁelds with varying direction
(not shown here) suggests that rotation of the wind vector
has little effect on the rise height of volcanic eruption
columns since the entrainment velocity is dependent on the
wind speed but not on the wind direction and a changing
wind direction usually does not add signiﬁcantly to the length
of the trajectory of the ascending plume.
2.1. Comparison of Model Predictions to Observations
[25] We have re-analyzed the record of plume rise height
and mass ﬂux of historic eruptions [Sparks et al., 1997;
Mastin et al., 2009] to investigate the effect of atmospheric
wind. For some of the eruptions in the dataset, typical wind
speeds at the time of the eruption (as recorded in the
Smithsonian Institution Global Volcanism Program database
[Siebert and Simkin, 2002–2012]) can be estimated from
ECMWF reanalysis meteorological data (ECMWF ERA-
Interim data have been obtained from the ECMWF Data
Server) (Figure 3). There is a degree of scatter in the data,
some of which could be attributed to varying atmospheric
conditions, for example, the variation in atmospheric lapse
rates and altitude of atmospheric layers with latitude, which
are known to inﬂuence rise heights of volcanic plumes
[Woods, 1995; Sparks et al., 1997]. In addition, by adopting
the wind speed at a single altitude to characterize the atmo-
spheric wind conditions, we are unable to describe atmo-
spheric wind structures, such as jet streams, which may have
a signiﬁcant inﬂuence on the ascent of the plume [Bursik,
2001; Bursik et al., 2009]. However, despite these limita-
tions, we ﬁnd that the dataset records a systematic depen-
dence of volcanic plume height on atmospheric wind speed
for a given source mass ﬂux (Figure 3). In particular, at high
wind speeds in excess of 30m s1, plume heights tend to be
limited to altitudes below 15 km.
[26] The predictions of our model for the variation of plume
height with source mass ﬂux for increasing atmospheric wind
speed are shown in Figure 3. Here the atmospheric wind is
modeled as a linear shear ﬂow in the tropopause with con-
stant wind speed above (24), and the atmospheric tempera-
ture is described using the U.S. Standard Atmosphere (21)
[COESA, 1976]. A range of exit velocities and vent radii
Table 1. Parameters Employed in the Dry Volcanic Plume Model
Parameter Symbol Value Unit
Atmospheric pressure at sea level Pa0 100 kPa
Atmospheric temperature at sea level Ta0 293 K
Density of solid pyroclasts rs 1200 kgm
3
Entrainment coefﬁcient in absence of wind ks 0.09
Entrainment coefﬁcient due to wind kw 0.9
Gas constant of atmosphere Ra 285 JK
1 kg1
Gas constant of volcanic gas at vent Rg0 462 JK
1 kg1
Gravitational acceleration g 9.81 m s2
Height of stratosphere H2 20 km
Height of tropopause H1 11 km
Lapse rate of temperature in stratosphere l 2.0 K km1
Lapse rate of temperature in troposphere m 6.5 K km1
Speciﬁc heat capacity of atmosphere Ca 998 JK
1 kg1
Speciﬁc heat capacity of column at vent Cp0 1624 JK
1 kg1
Figure 2. Calculated centerline trajectories of volcanic
plumes in a crosswind. The wind is taken to increase linearly
in the troposphere to a speed V1 at height z= 11 km and has
constant speed above. We take V1 = 0 (with Ws ¼ 0 as
deﬁned in equation 26), V1 = 10m s
1 ( Ws ¼ 0:09 ),
V1 = 20m s
1 (Ws ¼ 0:17 ), V1 = 30m s1 (Ws ¼ 0:26 ),
and V1 = 40m s
1(Ws ¼ 0:34). The temperature proﬁle of
the atmosphere is modeled using the U.S. Standard Atmo-
sphere [COESA, 1976]. The complete set of model para-
meters is provided in Table 2.
Table 2. Source Conditions for Example Proﬁles of Dry Volcanic
Plumes in a Crosswind (Figure 2)
Variable Symbol Value Unit
Column temperature T0 1200 K
Exit angle θ0 0
Exit velocity U0 100 m s
1
Gas mass fraction n0 0.03
Vent altitude z0 0 m
Vent radius R0 100 m
WOODHOUSE ET AL.: VOLCANIC PLUMES AND WIND
97
are employed as given in Table 3 together with the other
model parameter values used. The model predictions repro-
duce the expected quarter-power scaling between the rise
height and the source mass ﬂux, particularly for large source
mass ﬂux. A deviation from the approximate quarter-power
scaling is observed for smaller source mass ﬂux, which is par-
ticularly apparent for low wind speeds, when the plumes
reach the tropopause where there is a discontinuous change
in the atmospheric lapse rate. If a constant wind speed is
adopted in the volcanic plume model, the model over-
predicts the reduction in plume rise height for a speciﬁed
source mass ﬂux when compared to the observations (these
calculations are not shown here). However, when the vertical
proﬁle of wind shear is accounted for, there is improved
agreement between the model predictions and the observa-
tional dataset (Figure 3).
[27] Curve ﬁts calibrated to observations of historical
eruptions [Sparks et al., 1997;Mastin et al., 2009] (Figure 3)
do not explicitly account for crosswinds on the rise of volca-
nic plumes. Figure 3 demonstrates the strong inﬂuence of
atmospheric winds on the ascent of volcanic plumes. For
small and moderately sized eruptions, a strong crosswind
can limit the plume rise height such that the source mass ﬂux
estimated using the calibrated curve ﬁts [Sparks et al., 1997;
Mastin et al., 2009] are underpredicted by an order of magni-
tude [see also Bursik, 2001].
2.2. Relating Mass Flux and Rise Height
for Wind-blown Plumes
[28] The transition from strong plumes that are little
affected by the wind ﬁeld during their ascent to weak plumes
with trajectories that are strongly bent over can be quantiﬁed
using a dimensionless parameter
Wp ¼ k
1=2
s V
g
ra0
CpT  CaTa
CaTa
	 

Q
 1=4
N 1=4
; (25)
where V is a representative wind speed, ra0 is the density of
the plume at the source, T and Ta are the temperature of the
plume and environment, respectively, at the source, Cp and
Ca are the speciﬁc heat capacities at constant pressure of
the plume and environment, respectively, g is the accelera-
tion due to gravity, and N is the buoyancy frequency of the
atmosphere. The parameter Wp represents the ratio of the
horizontal wind speed to the vertical buoyant rise speed,
assuming the wind speed is uniform with altitude. However,
taking a uniform wind may not be representative of
Figure 3. The rise height of an eruption column, H, as a function of the mass ﬂux of material from the
volcanic vent, Q. A data set of historical eruptions [Sparks et al., 1997; Mastin et al., 2009] where the
mass ﬂux of the eruption, Q, and rise height of the plume, H, can be independently estimated is used to
calibrate a scaling law relationship between rise height and mass ﬂux [Sparks et al., 1997; Mastin
et al., 2009] (as given on the ﬁgure, for H measured in km and Q measured in kg s1). A representative
wind speed at an altitude of 10 km can be assigned, in some cases, using ECMWF Reanalysis data. The
data show a tendency for plume rise heights from small eruptions (source mass ﬂux Q< 108 kg s1) to
be reduced in high winds (wind speed V1> 20m s
1). Predictions of the integral model of dry volcanic
plumes in a crosswind that increases linearly with altitude up to a speed V1 at the tropopause at an altitude
of 11 km (denoted by the black dashed line) are computed using the U.S. Standard Atmosphere [COESA,
1976] to describe the temperature proﬁle in the atmosphere, for a range of exit velocities and vent radii
(the source conditions employed are given in Table 3).
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atmospheric winds. The atmospheric wind can be usefully
approximated as a linear shear ﬂow in the lower atmosphere,
takingV zð Þ ¼ _gzwhere _g is the shear rate and z is the height in
the atmosphere. In a shear ﬂow, dimensional analysis shows
the appropriate dimensionless parameter measuring the
strength of the wind ﬁeld is
Ws ¼ _gN ¼
V1
NH1
; (26)
where V1 =V(H1) is the wind speed at a reference altitude H1
(e.g., at the tropopause) (see also Appendix A). We note that
the dimensionless parameterWs depends only on properties
of the atmosphere and is independent of the plume source
conditions. The parameterWs can be interpreted as the ratio
of the time scale of vertical motions, given by 1/N, to the
timescale of horizontal motions, 1= _g. Thus, forWs ≫ 1, hor-
izontal motion of a parcel of ﬂuid in the plume, induced by
the wind, occurs on shorter time scales than the vertical rise
of the parcel in the plume and so the plume trajectory bends
over in the wind, while for Ws ≪ 1 , the vertical motion
occurs on a shorter time scale than the horizontal motion
and there is little deviation of the plume trajectory from
the vertical. A similar dimensionless parameter has been
identiﬁed by Degruyter and Bonadonna [2012], where
the column-averaged wind speed and buoyancy frequency
are adopted. Here a local wind speed and reference height
are taken in order to represent the vertical shear proﬁle of
the atmospheric wind. Solutions of the integral plume model
in a crosswind demonstrate the controlling inﬂuence of Ws
(Figure 2). For explosive eruptions of the magnitude of
Eyjafjallajökull 2010 and a wind speed of V1 = 40ms
1 at
H1 = 10 km, the parameterWs ¼ 0:4, taking an atmospheric
buoyancy frequency N = 0.01 s 1. In order to obtain weak
plumes, Ws > 1 , very strong wind shear or weak atmo-
spheric stratiﬁcation is required. However, variations in the
vertical rise speed, wind speed, and temperature proﬁle
cause local variations in the plume strength. In particular,
as the plume decelerates as it nears the level of neutral buoy-
ancy, the wind ﬁeld will inevitably cause a bending over of
the plume trajectory as the maximum altitude is approached
(Figure 2). Furthermore, it is not appropriate to represent the
wind proﬁle as a linear shear throughout the atmosphere, and
for larger eruptions, with plumes that ascend above the tro-
posphere, there may be interaction with jet streams where
the wind speed is locally high [Bursik, 2001; Bursik et al.,
2009]. While any proﬁle of the wind could be used, for
small and moderately sized eruptions that do not rise signif-
icantly above the troposphere and where the wind ﬁeld can
be taken to increase linearly with altitude, the parameterWs
is appropriate to assess the strength of the wind.
[29] An estimate of the effect of the shear rate on the rise
height of volcanic plumes can be obtained from a simple
integral model of pure plumes rising in a linear shear cross
ﬂow, as described in Appendix A. In the pure plume
model, the multiphase character of volcanic plumes and
the thermodynamics of the gas expansion are not considered.
Furthermore, the atmosphere is assumed to be uniformly
stratiﬁed. Numerical solutions for pure plumes in a linear
shear ﬂow can be readily calculated and the rise height of
pure plumes determined (Figure 4). From the numerical solu-
tions (as detailed in Appendix A), a rational function approx-
imation can be used to describe the effect of the parameter
Ws on the rise height. We ﬁnd that the rise height above
the vent is well described by
H  H0 1þ 1:373Ws
1þ 4:266Ws þ 0:3527W2s
; (27)
where H0 is the rise height of a pure plume in a quiescent
environment. This approximation adequately reproduces
the numerical solution of the pure plume model for Ws < 5
(Figure 4), so the approximation is appropriate for typical
atmospheric conditions.
[30] An approximation of the rise height for volcanic
plumes in a quiescent atmosphere that remain within the tro-
posphere can be found from a ﬁt to data obtained from the
integral plume model in a Standard Atmosphere as
H0  0:318Q0:253; (28)
for rise height H0 measured in kilometer and source mass
ﬂux Q measured in kilogram per second, which is similar
to the expressions obtained from ﬁts to observational data
Table 3. Source Conditions Employed in Model Predictions for
Rise Height of Volcanic Plumes in a Crosswind (Figure 3)
Variable Symbol Value Unit
Column temperature T0 1200 K
Exit angle θ0 0
Exit velocity U0 1–500 m s
1
Gas mass fraction n0 0.05
Vent altitude z0 0 m
Vent radius R0 1–500 m
Figure 4. The height of neutral buoyancy for pure plumes
in a linear shear ﬂow as a function of the wind strength pa-
rameterWs (blue solid line). The height of neutral buoyancy,
H, is normalized by the height of neutral buoyancy for a pure
plume in a quiescent environment, H0. The ambient environ-
ment is uniformly stably stratiﬁed. A rational function ap-
proximation, equation (27), with three ﬁtting parameters,
well describes the numerically determined relationship for
Ws≤5 (red dashed line). Values offWs estimated for Eyjafjal-
lajökull 14–17 April 2010 using radiosonde measure-
ments of the meteorology at Keﬂavik International Airport
[Oolman, 2012] are marked (black points).
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[Sparks et al., 1997; Mastin et al., 2009], and the power-law
scaling is close to the one-quarter power expected from
dimensional analysis. The pre-factor in (28) is determined
from solutions of the integral model using the parameters
given in Table 1 and the source conditions given in Table 3,
and has a dependence on the source conditions, in particular
the temperature contrast between the plume and the atmo-
sphere. The inﬂuence of the model parameters and source
conditions can be assessed by determining the power-law
scaling (28) from model calculations in quiescent environ-
ments or, alternatively, by using an approximate scaling
law relationship for the rise height of volcanic plumes in a
quiescent atmosphere as a function of the model parameters
and source conditions [see, e.g., Wilson et al., 1978; Settle,
1978; Woods, 1988; Sparks et al., 1997; Degruyter and
Bonadonna, 2012] given by
H0  0:0013ﬃﬃﬃﬃ
ks
p g Cp0T0  CaTa0
 
ra0CaTa0
 1=4
N3=4Q1=4; (29)
for H0 measured in kilometer.
[31] Assuming that the shear rate of the atmospheric wind
is constant in the troposphere, the shear rate can be written as
_g ¼ V1=H1; where H1 is the height of the tropopause and
V1 =V(H1) is the wind speed at the tropopause. A functional
approximation for the height of rise (above the vent) of vol-
canic plumes in a constant shear wind ﬁeld, which remain in
the troposphere, with the wind speed explicitly included can
be constructed by combining equation (27) with (28) to give
H ¼ 0:318Q0:253 1þ 1:373
fWs
1þ 4:266fWs þ 0:3527fWs2 ; (30)
with fWs ¼ 1:44V1= NH1ð Þ , where the dimensionless con-
stant here is chosen by ﬁtting to numerical solutions of the
dry volcanic plume model with constant wind shear in a
Standard Atmosphere. During the ﬁrst explosive phase of
the Eyjafjallajökull eruption, 14–17 April 2010, the wind
parameter is estimated to take values in the range 0 < fWs <
1:1 (Figure 4), where the wind speed at a height H1 = 7 km
has been taken as representative of the wind conditions.
The approximation given in equation (30) well describes
the rise heights calculated using the integral volcanic plume
model for eruption columns which remain within the tro-
posphere, at altitudes below 11 km (Figure 5). Above the
tropopause, the wind ﬁeld is modeled with a uniform wind
speed and the atmospheric stratiﬁcation in the Standard
Atmosphere changes, and therefore, the simple approxima-
tion in equation (30) inevitably deviates from the model
predictions.
[32] The semi-empirical relationship given by equation
(30) is similar to the relationship between source mass ﬂux
and plume height in a wind ﬁeld proposed by Degruyter
and Bonadonna [2012]. However, whereas the relationship
of Degruyter and Bonadonna [2012] is based on a linear
combination of asymptotic results for plume rise in a quies-
cent atmosphere and for a plume which immediately bends
over in a strong uniform wind ﬁeld, the relationship (30) is
obtained from a consideration of pure plumes rising in a
linear shear crosswind in the intermediate regime where
the plume rise speed and wind speed are comparable.
3. Integral Model of Moist Volcanic Eruption
Columns in a Crosswind
[33] The addition of water vapor into the eruption column,
either from entrainment of moist atmospheric air during the
ascent of the plume or from the evaporation of surface water
at the vent, can have a signiﬁcant effect on the height of rise
of the column [Woods, 1993; Koyaguchi and Woods, 1996;
Sparks et al., 1997; Mastin, 2007]. Water vapor in the
column at low altitude is transported to higher altitudes
where the column may become saturated with respect to
water vapor, and the water vapor will then condense to liquid
water or ice, releasing latent heat to the column, increasing
the column temperature, and promoting the rise of the plume.
For phreatomagmatic eruptions, such as the ﬁrst explosive
phase of the 2010 Eyjafjallajökull eruption [Höskuldsson
et al., 2011;Magnússon et al., 2012], there could be a signif-
icant incorporation of melt water into the eruption column at
the source, decreasing the temperature of the plume at the
source and increasing the gas content and moisture loading
of the eruption column [Koyaguchi and Woods, 1996].
[34] The moisture content of an eruption column can be
included in an integral model of volcanic plumes [Morton,
1957; Woods, 1993; Koyaguchi and Woods, 1996; Glaze
et al., 1997; Mastin, 2007; Degruyter and Bonadonna,
2012] by accounting for phase changes of the water within
the column and the effect of phase changes on the energy
budget. Here we follow the formulation of Woods [1993]
[see also Sparks et al., 1997]. In contrast, Degruyter and
Bonadonna [2012] adopt the formulation of Glaze et al.
[1997], which additionally includes an adiabatic cooling of
the gaseous phases appropriate for vapor plumes. However,
the equation for the conservation of heat ﬂux presented by
Degruyter and Bonadonna [2012] is obtained from the
Glaze et al. [1997] conservation of energy equation assum-
ing that the heat capacity of the atmosphere is independent
of the moisture content of the atmosphere and the bulk den-
sity of the plume is equal to the atmospheric density. Note
that we neglect phase change of water vapor and liquid water
to ice. Although such phase transformations release latent
heat to the column, the latent heat of freezing is about a fac-
tor of 10 smaller than the latent heat of vaporization [Sparks
et al., 1997]. Therefore, the effect of moisture on the erup-
tion column dynamics can be assessed, to leading order, by
neglecting the complicated phase change to ice.
[35] We assume that the gas released at the vent is com-
posed entirely of water vapor released from magma in the
conduit and water vapor from the evaporation of ground wa-
ter. Water vapor is entrained into the eruption column from
the moist atmosphere and is advected with the bulk ﬂow.
Therefore, conservation of water in the column can be
written as
d
ds
Qfð Þ ¼ 2raUeRfa; (31)
where f is the mass fraction of liquid water and water vapor
in the column, andfa is the mass fraction of water vapor in the
atmosphere (i.e., the speciﬁc humidity of the atmosphere).
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The mass fraction of water vapor in the column is denoted by
fv, and fw=ffv is the mass fraction of liquid water in the
plume.
[36] Condensation is assumed to occur rapidly once the
eruption column has become saturated with respect to water
vapor, such that the column remains saturated. Thus, once
saturated, the mass fraction of gas in the column, which is
composed of water vapor, denoted by w, remains at a value
such that the partial pressure of water vapor, Pv, is equal
to the saturation vapor pressure in the column, es(T),
so Pv= es(T) [Koyaguchi and Woods, 1996]. We assume that
no condensation occurs when the partial pressure of water
vapor in the plume is less than the saturation vapor pressure.
Note that fv= nw where n is the mass fraction of gas (dry air
and water vapor) in the column. Assuming the gas phase is a
mixture of water vapor and dry air, and each component can
be considered an ideal gas, the partial pressure of water vapor
is given by
Pv ¼ w
rg
rv
Pa ¼ wRvwRv þ 1 wð ÞRa Pa; (32)
where rg is the density of the gas phase, rv is the density of
water vapor, Rv and Ra are the speciﬁc gas constants of water
vapor and dry air, respectively, and Pa is the pressure in the
column which is assumed to adjust instantaneously to the
local atmospheric pressure. Here we adopt a simple empirical
Figure 5. The rise height of an eruption column, H, as a function of the mass ﬂux of material from the
volcanic vent, Q, and wind speed at the tropopause, V1. Predictions of the integral model of volcanic
plumes in a crosswind that increases linearly with altitude up to a speed V1 at the tropopause at an altitude
of H1 = 11 km are computed using the U.S. Standard Atmosphere [COESA, 1976] to describe the temper-
ature proﬁle in the atmosphere (with a buoyancy frequency N= 0.0108 s1), for a range of exit velocities
and vent radii (the source conditions employed are given in Table 3). Functional approximations of the
form H ¼ 0:318Q0:253 1þ 1:373fWs	 
= 1þ 4:266fWs þ 0:3527fW2s	 
, where fWs ¼ 1:44V1= NH1ð Þ, well
describe the model predictions. The model predictions, and the function ﬁts, are in good agreement with
observations of rise height and mass ﬂux from a dataset of historic eruptions [Sparks et al., 1997; Mastin
et al., 2009], indicated by data points on the ﬁgure.
Table 4. Parameters Employed in the Moist Volcanic Plume
Model
Parameter Symbol Value Unit
Atmospheric pressure at sea level Pa0 100 kPa
Atmospheric temperature at sea level Ta0 293 K
Density of liquid water rw 1000 kgm
3
Density of solid pyroclasts rs 1200 kgm
3
Entrainment coefﬁcient in absence
of wind
ks 0.09
Entrainment coefﬁcient due to wind kw 0.9
Gas constant of dry air Ra 285 JK
1 kg1
Gas constant of water vapor Rv 462 JK
1 kg1
Gravitational acceleration g 9.81 m s2
Height of stratosphere H2 20 km
Height of tropopause H1 11 km
Lapse rate of temperature in stratosphere l 2.0 K km1
Lapse rate of temperature in troposphere m 6.5 K km1
Latent heat of vaporization at 273K Lc0 2.5 106 J kg1
Parameter in saturation vapor
pressure relation
a1 2.53 1011 Pa
Parameter in saturation vapor
pressure relation
a2 5.42 103 K
Speciﬁc heat capacity of dry air Ca 998 JK
1 kg1
Speciﬁc heat capacity of liquid water Cw 4200 JK
1 kg1
Speciﬁc heat capacity of solid pyroclasts Cs 1617 JK
1 kg1
Speciﬁc heat capacity of water vapor Cv 1850 JK
1 kg1
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approximation for the saturation vapor pressure [Rogers and
Yau, 1989; Woods, 1993],
es Tð Þ ¼ a1exp a2=Tð Þ; (33)
for dimensional constants a1 and a2 given in Table 4 and
temperature, T, measured in kelvin. More sophisticated
approximations to solutions of the Clausius-Clapeyron equa-
tion could be employed in the integral model.
[37] The enthalpy of the mixture of dry air, water vapor,
liquid water, and solid pyroclasts is given by
h ¼ n fvð ÞCaT þ fsCsT þ fvCvT þ fwhw; (34)
where fs = 1 nfw is the mass fraction of solids and Ca,
Cs, and Cv are the speciﬁc heat capacities at constant pressure
of dry air, solid pyroclasts, and water vapor, respectively.
The enthalpy of liquid water condensed from the water vapor
in the column, hw, is related to the enthalpy of the water vapor
through
hw ¼ CvT  Lc Tð Þ; (35)
where Lc(T) is the latent heat of vaporization at temperature
T. Assuming that the speciﬁc heat capacities are independent
of temperature, the latent heat of vaporization can be approx-
imated as Lc(T) = Lc0 + (CvCw)(TT0) [Gill, 1982], where
Lc0 is the latent heat of vaporization at T0 = 273K and the
speciﬁc heat capacities of water vapor and liquid water at
constant pressure, Cv and Cw, respectively, are measured in
JK1 kg1. Therefore, the enthalpy of the mixture can be
written as follows:
h ¼ n fvð ÞCaT þ fsCsT þ fvCvT þ fwCwT  fwLc T0ð Þ:
(36)
[38] The equation for conservation of total energy,
accounting for the release of latent heat on condensation of
water vapor in a saturated eruption column, becomes
d
ds
rUR2 CpT þ U
2
2
þ gz
  
¼ 2raRUe CATa þ
U2e
2
þ gz
 
þLc0 dds rR
2U f fvð Þ
 
;
(37)
where Cp is the bulk speciﬁc heat capacity at constant pres-
sure of the column, given by
Cp ¼ nCg þ fwCw þ 1 n fwð ÞCs; (38)
Cg =wCv+ (1w)Ca is the speciﬁc heat capacity at constant
pressure of the gas phase, and CA is the speciﬁc heat capacity
at constant pressure of the moist atmosphere.
[39] The bulk density of the column is determined by
equating the speciﬁc volume of the column with the partial
volumes of the water vapor, dry air, liquid water, and solid
pyroclasts:
1
r
¼ n
rg
þ fw
rw
þ 1 n fw
rs
; (39)
where rw is the density of liquid water (assumed constant in
the atmosphere). The density of the gas phase is given by
rg ¼
Pa
RgT
; (40)
where the bulk gas constant of the column is given by
Rg ¼ wRv þ 1 wð ÞRa: (41)
[40] Neglecting the fallout of solid pyroclasts during the
ascent of the material in the column, conservation of the
solid phase can be used to determine the variation of
the gas mass fraction,
n ¼ 1 fw  1 n0ð Þ
Q0
Q
: (42)
[41] The moisture content of the atmosphere is character-
ized by the relative humidity of the atmosphere, denoted by
RH, which is deﬁned [WMO, 1988] as the ratio of the vapor
pressure in the atmosphere to the saturation vapor pressure
of the atmosphere, given by es(Ta). The moisture content of
the atmosphere, fa, is related to the relative humidity by
fa ¼
RHes Tað ÞRa
RvPa  RHes Tað Þ Rv  Rað Þ : (43)
[42] The speciﬁc heat capacity of the moist atmosphere is
given by
CA ¼ faCv þ 1 fað ÞCa; (44)
where we have assumed that all water in the atmosphere is in
vapor form. Equations (32), (33), and (38)–(44) complete
the closures for the thermodynamics in the moist plume
model.
[43] In a quiescent environment, the release of latent heat
upon condensation can signiﬁcantly enhance the height to
which a volcanic plume ascends [Woods, 1993; Sparks
et al., 1997; Mastin, 2007]. The largest inﬂuence of the
phase change of water occurs for small or moderately sized
eruptions (with source mass ﬂux Q0< 10
6 kg s1), where
the energy released on condensation contributes signiﬁ-
cantly to the energy of the plume [Sparks et al., 1997]
(Figure 6). For larger eruptions that ascend into the strato-
sphere, the contribution from latent heat of condensation
has less effect on the rise of the plume [Woods, 1993]
(Figure 6) since the latent heat released on condensation
of water vapor is signiﬁcantly less than the heat content
of the erupted material [Woods, 1993; Sparks et al.,
1997]. A similar enhancement of the rise of volcanic
plumes due to latent heating is found for plume rising in
a crosswind, as shown in Figure 6 where predictions for
the rise heights of dry volcanic plumes, where there is
no phase change of water and the atmosphere is dry, are
compared to those obtained with the moist plume model
where water vapor condenses during the ascent of the
plume through a moist atmosphere. In order to assess
the maximum effect of the moisture content of the plume
and atmosphere, the atmosphere is assumed to have
relative humidity RH= 1 throughout. We note that for this
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high moisture loading, the ambient atmosphere is convec-
tively unstable [Gill, 1982] up to an altitude of approxi-
mately 4 km. This results in a weak dependence of the rise
height on wind speed and mass ﬂux for small eruptions
(with mass ﬂux Q< 104 kg s1) which reach altitudes of
around 3.5 km (Figure 6a) and consequently a large en-
hancement of the rise height of moist plumes in a wind
ﬁeld over similar plumes in a dry atmosphere (Figure 6b).
For lower atmospheric vapor loadings, the enhancement of
the plume rise height due to phase change of water is
reduced.
4. TheWind-blown Plume at Eyjafjallajökull 2010
[44] We have shown that an integral model of volcanic
plumes in a Standard Atmosphere and a shear wind ﬁeld
can be used to calibrate a relationship between rise height
and mass ﬂux, given by equation (30), which explicitly
includes the wind speed through the parameter fWs .
However, the ascent of the eruption column is also affected
by the local atmospheric conditions [Sparks et al., 1997],
which may not be captured when the atmosphere is described
by a Standard Atmosphere. For example, varying atmo-
spheric stratiﬁcation and altitudes of the troposphere-
tropopause and tropopause-stratosphere boundaries between
tropical, mid-latitude, and polar regions can result in large
variation in the rise heights of volcanic plumes with equal
source mass ﬂux [Woods, 1995]. Furthermore, the atmo-
spheric stratiﬁcation above a volcano can change due to local
weather systems and varies over the course of a day as the
heat content of the atmosphere changes. Changing atmo-
spheric stratiﬁcation has been suggested as a cause of diurnal
variations in the rise height of weak plumes during the effu-
sive phase, 19–24 April 2010, at Eyjafjallajökull [Petersen
et al., 2012]. In addition, the linear shear wind proﬁle
adopted above may not be a sufﬁciently detailed description
of the atmospheric winds to reproduce accurately the
observed plume rise heights. Instead, by employing observa-
tional data of the atmosphere, with measured proﬁles of the
wind speed, temperature, pressure, and relative humidity,
the integral model can be used to assess the effects of
the local atmospheric conditions.
[45] By varying source conditions in the integral model,
the rise height predicted by the model can reproduce approx-
imately the plume height observed at Eyjafjallajökull at
1200 UTC on 14 April. The resulting source conditions are
given in Table 5. Solutions of the integral model using atmo-
spheric data representing the changing meteorological condi-
tions during the ﬁrst explosive phase of the Eyjafjallajökull
eruption, 14–17 April 2010, are shown in Figure 7 with
source conditions held ﬁxed at the values given in Table 5.
As the local meteorology at Eyjafjallajökull is not recorded,
we employ radiosonde measurements of atmospheric condi-
tions (wind speed, temperature, pressure, and relative humid-
ity) which are made every 12 h at Keﬂavik International
Airport (data obtained from Wyoming Weather Web
[Oolman, 2012] repository of radiosonde soundings).
Although Keﬂavik is 155 km from Eyjafjallajökull, the wind
speeds measured by radiosondes are likely to be representa-
tive of the wind conditions at Eyjafjallajökull. Indeed, wind
speeds predicted every 3 h by the U.K. Met Ofﬁce Uniﬁed
Model numerical weather prediction (NWP) scheme (NWP
meteorological data provided by the U.K. Met Ofﬁce from
the Uniﬁed Model global data archive) and interpolated to
approximate wind speeds above Eyjafjallajökull show simi-
lar wind speeds as those recorded by radiosondes (Figure 8a).
Increased wind speeds on 15 and 16 April, compared to those
observed on 14 April, result in enhanced bending over of the
(a)
(b)
Figure 6. The rise height of an eruption column, H, as a
function of the mass ﬂux of material from the volcanic vent,
Q, for dry and moist atmospheres. (a) Predictions of the
integral model of dry volcanic plumes in a crosswind are
compared with predictions from the integral model of moist
volcanic plumes in a crosswind. A range of exit velocities
and vent radii are used, with the source conditions employed
given in Table 3. (b) The enhancement of the rise height of
moist volcanic plumes in comparison to dry volcanic plumes
as a function of the mass ﬂux of material from the volcanic
vent. The crosswind increases linearly with altitude up to
the tropopause (at an altitude of 11 km) and is constant
above. The atmospheric temperature is described using the
U.S. Standard Atmosphere [COESA, 1976]. For the moist
plume model, the atmosphere is assumed to have the maxi-
mum vapor loading, with a relative humidity RH = 1 through-
out the atmosphere. The parameter values used in the moist
plume model are given in Table 4.
Table 5. Source Conditions Employed to Approximately Repro-
duce Observed Height of the Plume From Eyjafjallajökull at 1200
UTC on 14 April 2010
Variable Symbol Value Unit
Column temperature T0 1000 K
Exit angle θ0 0
Exit velocity U0 60 m s
1
Gas mass fraction n0 0.03
Vent altitude z0 1666 m
Vent radius R0 80 m
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plume trajectory and a reduction in the height of rise of the
plume. The atmospheric temperature proﬁles on each day
are similar, with atmospheric lapse rates of temperature
(determined using linear least squares regression of observed
temperatures up to an altitude of 9 km above sea level) of
Γ= 6.359K/km (r2 = 0.9950) on 14 April, Γ= 6.172K/km
(r2 = 0.9886) on 15 April, and Γ = 6.373K/km (r2 = 0.9972)
on 16 April. Weak temperature inversions are observed on
14 and 16 April but have little effect on the plume motion.
[46] A comparison of solutions obtained from the moist
and dry plume models with radiosonde measurements of
atmospheric data is also shown in Figure 7. The model
solutions coincide until water vapor begins to condense
in the plume. The release of latent heat on condensation
provides energy to the eruption column which can result
in an enhancement of the rise height of the plume. However,
condensed water is substantially more dense than water
vapor, and so the phase change can reduce the rise height
of the plume. The overall effect on the plume depends on
the extent to which condensation occurs and therefore on
the atmospheric vapor loading. For example, the moist plume
model predicts the condensation of water vapor for the
14 April (Figure 7a–d), but the rise height of the plume is
almost identical to the prediction of a plume rising in a
dry atmosphere. In contrast, the condensation predicted to
occur by the moist plume model using atmospheric data from
15 April (Figure 7e–h) results in an increase in the rise height
with respect to the dry plume model of approximately 367m,
a 5% enhancement in the rise height over a dry plume model.
This difference is within the uncertainty of the rise heights
observed during the Eyjafjallajökull 2010 eruption (Figure 8);
so for small wind-affected volcanic eruptions, the role of
external moisture added to an eruption column is secondary
to the role of atmospheric stratiﬁcation, source buoyancy
ﬂux, and wind.
[47] During the 2010 Eyjafjallajökull eruption, a weather
radar at Keﬂavik International Airport, 155 km west of
Eyjafjallajökull, measured plume heights above the summit
of the volcano at 5-min intervals [Arason et al., 2011;
Petersen et al., 2012], providing a record of the changing
plume heights over the course of the eruption. The scanning
strategy utilized by the weather radar [Arason et al., 2011]
and the distance from Keﬂavik to Eyjafjallajökull result in
semi-discrete jumps in the observed plume heights [Arason
et al., 2011], and measured plume heights are lower bounds
on the actual rise height of the eruption column. In order to
(a) (b) (c) (d)
(e) (f) (g) (h)
(i) (j) (k) (l)
Figure 7. Solutions of the dry and moist wind-blown plume models with atmospheric conditions
measured by radiosondes at Keﬂavik International Airport. Atmospheric conditions measured at (a–d)
1200 UTC on 14 April 2010, (e–h) 1200 UTC on 15 April 2010, and (i–l) 1200 UTC on 16 April 2010.
Source conditions for the models are given in Table 5. Blue curves show solutions to the dry wind-blown
plume model, red curves are solutions of the wet wind-blown plume model, and green curves show atmo-
spheric conditions, linearly interpolated between data points. (a), (e), (i) Plume centerline trajectories. (b),
(f), (j) Vertical plume speed (blue solid and red dashed lines), horizontal plume speed (blue dashed and red
dotted lines), and horizontal atmospheric wind speed (green dashed line). (c), (g), (k) Temperature of the
plume (blue solid and red dashed lines) and temperature of the atmosphere (green dashed line). (d), (h),
(l) Mass fraction of liquid water in the plume (red solid line) and moisture content of the atmosphere (green
dashed line).
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reduce the spurious jumps in the radar record of plume
heights, we therefore take maximum observed heights in
1-h intervals. Furthermore, the heights recorded in the radar
dataset are measured heights above the summit of Eyjafjal-
lajökull, while the plume may not have reached the maxi-
mum altitude until some distance downwind [Arason
et al., 2011]. Despite these limitations, the radar time series
of plume heights represents the most complete record of
plume height variation during the Eyjafjallajökull eruption.
[48] The plume height observed during the ﬁrst explosive
phase of the Eyjafjallajökull eruption, 14–17 April 2010,
varied on a 24-h time scale [Petersen, 2010; Arason et al.,
2011], with the plume reaching an altitude in excess of
8 km on 14 April (fWs  0:43), falling to 5–7 km on 15 April
(fWs  0:95 at 0000 UTC; fWs  0:80 at 1200) and on
16 April (fWs  1:10 at 0000; fWs  1:01 at 1200), and
rising again to over 8 km on 17 April (fWs  0:23 at 0000;fWs  0:57 at 1200) (Figures 4 and 8b, and 8c). The plume
height variations are coincident with meteorological
changes, and in particular, plume heights are anti-correlated
with wind speeds, as shown in Figure 8.
[49] The mass ﬂux of material from Eyjafjallajökull can be
estimated by using equations (27) and (29), with appropriate
estimates of source conditions and with the wind strength
parameter fWs determined from radiosonde measurements
of the atmospheric wind. The wind speed V1 is taken as
the speed recorded at H1 = 7 km as the wind proﬁles show
an approximately linearly increasing wind speed up to this
altitude over the course of the ﬁrst explosive phase. In
Figure 8b, we show the plume rise height predicted by
equations (27) and (29) with source conditions given in
Table 5 and the source mass ﬂux held constant. The variation
in the predicted plume rise height in Figure 8b is therefore
due to the changing wind conditions over the duration of
the ﬁrst explosive phase. Figure 8b shows that the variation
in the observed plume height can be described by the semi-
empirical relationship when a constant source mass ﬂux of
Q= 6 106 kg s1 is assumed. In contrast, a source mass ﬂux
of Q = 2 106 kg s1 (chosen to represent the peak source
mass ﬂux predicted by the Sparks et al. [1997] and Mastin
et al. [2009] relationships for the rise heights observed at
Eyjafjallajökull) underpredicts the rise height during periods
of low wind speeds, and a source mass ﬂux of Q = 2 105 kg
s1 (chosen to represent the minimum source mass ﬂux pre-
dicted by the Sparks et al. [1997] and Mastin et al. [2009]
curve ﬁts) underpredicts the observed rise height.
[50] The semi-empirical relationship given by equation
(30) is unable to fully capture the variations in observed
plume heights as the detailed atmospheric conditions are
(a)
(b)
(c)
(d)
Figure 8. Comparison of the wind-blown plume models to
observations of plume rise heights at Eyjafjallajökull during
the ﬁrst explosive phase, 14–17 April 2010. (a) Wind speed
at an altitude of 7 km (taken as characteristic of the wind
conditions) as a function of time during 14–17 April 2010.
Wind speeds measured every 12 hours by radiosondes at
Keﬂavik International Airport (red circles) and predicted ev-
ery three hours by the U.K. Met Ofﬁce Uniﬁed Model (blue
+). (b) Plume rise heights at Eyjafjallajökull, recored by a
weather radar at Keﬂavik (blue ), and predictions of rise
heights from the semi-empirical relationship between source
mass ﬂux and plume rise height as functions of time. The
mass ﬂux is ﬁxed at Q= 6 106 kgs1 (black circles),
Q= 2 106 kgs1 (red circles) and Q= 2 105 kgs1 (green
circles). (c) Plume rise heights at Eyjafjallajökull, recored by
a weather radar at Keﬂavik (blue ), and predictions of rise
heights from the wind-blown dry (red +) and moist (green
) plume models as functions of time. In addition, predic-
tions from the dry model with optimized source conditions
(black ○) reproduce precisely observed plume rise heights.
(d) Source mass ﬂux estimate as a function of time. When
estimated from the observed plume heights using curve ﬁts
to a dataset of historic eruptions [Sparks et al., 1997; Mastin
et al., 2009] the mass ﬂux of material from the source varies
over more than an order of magnitude, whereas the mass ﬂux
in the wind-blown plume model remains approximately con-
stant (dashed line). Optimized model solutions can be found
with source conditions varied to reproduce exactly observed
plume rise heights (Table 6), with source mass ﬂux con-
strained to be within 25% of the source mass ﬂux adopted
in the non-optimized calculations.
WOODHOUSE ET AL.: VOLCANIC PLUMES AND WIND
105
not included. However, detailed meteorological observations
can be employed in the integral models of volcanic plumes.
In Figure 8c, plume rise height predictions are obtained from
the dry and moist integral models. Source conditions are cho-
sen to reproduce approximately the observed plume height at
1200 UTC on 14 April (Table 5) and subsequently held ﬁxed
while the meteorology varies. The changing atmospheric
conditions, in particular the wind speed, in the integral mod-
els can account for observed variations in the rise height of
the plume from Eyjafjallajökull during 14–17 April 2010
(Figure 8b). However, in order to reproduce precisely the ob-
served plume heights, an adjustment of the source conditions
is required. Optimized solutions of the dry plume model are
obtained by varying the exit velocity of material at the vent,
the column temperature at the vent, and the mass fraction
of gas in the column at the vent (Table 6). Given the nonlin-
ear dependence of the plume rise height on these source
conditions, the set of source conditions which reproduce
the observed rise height may not be unique, and here we have
not attempted to explore systematically the solution space of
the optimized solutions.
[51] If the changing meteorological conditions are not
considered, the changes in plume rise heights during this pe-
riod suggest that the source mass ﬂux, determined from
curve ﬁts to the dataset of historic eruptions [Sparks et al.,
1997; Mastin et al., 2009], varies by more than an order of
magnitude and often by two orders of magnitude (Figure 8d).
However, solutions of the wind-blown plume model which
employ contemporaneous meteorological data obtained
from radiosondes are able to reproduce the observed varia-
tion in plume rise height with a near constant source mass
ﬂux (Figure 8d). Furthermore, the optimized solutions of
the dry plume model precisely reproduce observed plume
height variations (Figure 8c) with the source mass ﬂux vary-
ing in the range 5.722 106–8.729 106 kg s1. As there is
no independent evidence for large changes in the source
mass ﬂux during the ﬁrst explosive phase of the 2010 Eyjaf-
jallajökull eruption on the time scale of the observed varia-
tion in plume height, the changing meteorology during the
course of the eruption must be explicitly included in models
or expression used to relate source mass ﬂux to plume
height.
5. Discussion
[52] In order to forecast accurately the concentration of
ash in the atmosphere during volcanic crises, source
conditions describing the transport of material from the vol-
cano to the atmosphere, in particular the height at which ash
starts to intrude horizontally and the mass ﬂux of material re-
leased from the volcano, are required. In a quiescent atmo-
sphere, a scaling relationship between source mass ﬂux
and plume rise height can be used to estimate the source
mass ﬂux during an eruption [Sparks et al., 1997; Mastin
et al., 2009]. Calibrations of the scaling relationships have
not considered atmospheric controls on the ascent of volca-
nic plumes yet have been used in situations where meteorol-
ogy has strongly affected plume behavior [Webster et al.,
2012].
[53] Atmospheric winds have a crucial inﬂuence on the in-
jection of volcanic ash into the atmosphere and must be
accounted for when estimating source mass ﬂux. In windy
environments, the additional entrainment of ambient air into
the plume, together with the bending over of the plume tra-
jectory, signiﬁcantly reduces the rise height of the plume rel-
ative to an equivalent source in a quiescent environment.
Thus, to attain equal rise heights, a plume in a strong wind
ﬁeld has a signiﬁcantly higher source mass ﬂux than a plume
in a quiescent atmosphere.
[54] If detailed measurements of local atmospheric condi-
tions are available, the meteorological data can be incorpo-
rated into integral models of volcanic plumes in a crosswind.
The source conditions of the model can then be varied in an
attempt to reproduce observed plume heights and provide an
estimate of the source mass ﬂux. In the absence of detailed
meteorological observations, new semi-empirical relation-
ships between plume height and source mass ﬂux which ex-
plicitly include the wind speed, through the wind shear rate,
provide improved estimates of the source mass ﬂux for
weak, bent-over plumes.
[55] The record of plume rise heights at Eyjafjallajökull dur-
ing the ﬁrst explosive phase of the 2010 eruption shows abrupt
changes in the plume height [Arason et al., 2011; Petersen
et al., 2012]. One explanation, based on the use of calibrated
relationships between plume height and source mass ﬂux, is
that the source strength of Eyjafjallajökull varied by more
than an order of magnitude during this time period. However,
there is no independent evidence of such large, abrupt
changes in the source mass ﬂux during the ﬁrst explosive
phase of the eruption. Our results show that an alternative ex-
planation is that the source mass ﬂux varied little during the
ﬁrst explosive phase and that changes in plume heights are
predominately due to meteorological changes, in particular
changes in the atmospheric wind speed. Sudden changes in
plume height are better explained by rapid changes in wind
speed than large changes in the volcanic source mass ﬂux
by more than an order of magnitude that are coincident with
meteorological changes.
[56] Our results highlight that the source mass ﬂux deduced
from observations of plume height, which is input into far-ﬁeld
atmospheric ash dispersionmodels, can be signiﬁcantly under-
estimated unless the effects of wind on the near-source plume
dynamics are considered. This has important consequences on
the predictions of ash concentrations in the far ﬁeld. The ash
concentration levels for commercial ﬂight operations adopted
in Europe during the 2010 Eyjafjallajökull eruption increase
the demand on atmospheric dispersion forecasts. In order to
distinguish ‘safe’ airspace from ‘no-ﬂy’ zones [ICAO, 2010;
CAA, 2011], the dispersion models must predict ash
Table 6. Optimized Source Conditions Employed to Reproduce
Observed Height of the Plume from Eyjafjallajökull, 14–17 April
2010
Time
Exit
Velocity
Column
Temperature
Gas Mass
Fraction Mass Flux
U0 (m s
1) T0 (K) n0 Q (kg s
1)
14 April 1200 76.5 925.7 0.034 8.729 106
15 April 0000 96.1 766.2 0.070 6.502 106
15 April 1200 99.9 784.3 0.076 6.090 106
16 April 0000 50.0 600.0 0.052 5.722 106
16 April 1200 94.5 637.0 0.086 6.136 106
17 April 0000 83.0 821.7 0.042 8.581 106
17 April 1200 83.6 861.6 0.040 8.695 106
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concentrations to within 1mgm3. While improved observa-
tions near the source and in the far ﬁeld, together with
advances in the numerical dispersion models, can assist in
achieving accurate forecasts of ash concentration, the source
condition input into the models remains a crucial component.
An increase in the source mass ﬂux by an order of magnitude
could result in the prediction of large regions of airspace being
closed to trafﬁc as ‘safe’ ash concentrations in the atmosphere
are exceeded. Therefore, underpredictions of the source mass
ﬂux by an order of magnitude or more due to the neglect of
wind on the plume rise could limit the ability of ash dispersion
models to forecast ash concentrations and manage airspace
during volcanic crises.
6. Conclusions
[57] Integral models of volcanic plumes in a wind ﬁeld al-
low the relationship between the rise height of volcanic
plumes, source conditions at the volcanic vent, and atmo-
spheric conditions to be explored. Detailed meteorological
descriptions from atmospheric soundings or numerical
weather prediction forecasts can be employed in the integral
models, and source conditions varied to reproduce observed
rise heights of volcanic plumes, providing estimates of vol-
canic source conditions. When atmospheric proﬁles are not
available, a new semi-empirical relationship between plume
rise height and source mass ﬂux that explicitly includes the
atmospheric wind speed can provide improved estimates of
source mass ﬂux over existing calibrated scaling relation-
ships. Our results demonstrate that the source mass ﬂux
determined from plume rise height can be signiﬁcantly
underestimated unless the effect of atmospheric wind is
considered [Briggs, 1969; Hewett et al., 1971; Bursik,
2001; Degruyter and Bonadonna, 2012], and variations in
plume rise height can be attributed to changing meteorology
rather than large changes in source mass ﬂux.
Appendix A: Pure Plume Model in a Linear Shear
Cross Flow
[58] Simple estimates of the effect of the crosswind on the
rise of volcanic plumes can be found by examining a pure
plume model for which the multiphase character of volcanic
plumes is not considered and a simple atmosphere with uni-
form stable stratiﬁcation is assumed. While the volcanic
plume model has several controlling parameters, the pure
plume model contains only two controlling dimensionless
parameters, and therefore, the inﬂuence of the controlling
parameters on the character of solutions to the pure plume
model can be determined readily.
[59] The integral model of a pure plume in a crosswind
[Hewett et al., 1971] can be obtained from the wind-blown
volcanic plume model by assuming that (i) the material in
the column is a gas with the same speciﬁc heat capacity
and gas constant as the atmosphere, and both of these quan-
tities remain constant; (ii) the thermal energy of the column
greatly exceeds the kinetic energy; (iii) the ﬂuids in the
plume and atmosphere are incompressible (so mass conser-
vation can be replaced by volume conservation); and (iv)
the density difference between the plume and the ambient at-
mosphere is small in comparison with a reference density, so
the Boussinesq approximation can be invoked. Deﬁning the
volume ﬂux, pq, speciﬁc momentum ﬂux, pm, and speciﬁc
buoyancy ﬂux, pf, as
q ¼ R2U ; m ¼ R2U2; f ¼ R2Ug′ ; (A1)
where g′= g(rar)/ra0 is the reduced gravity, with ra0 a
reference density of the atmosphere; the equations governing
the steady plume dynamics [Hewett et al., 1971] are
dq
ds
¼ 2qﬃﬃﬃﬃ
m
p Ue;
dm
ds
¼ Vcosθ dq
ds
þ qf
m
sinθ;
m
dθ
ds
¼ V sinθ dq
ds
þ qf
m
cosθ;
df
ds
¼ N2qsinθ;
dx
ds
¼ cosθ;
dz
ds
¼ sinθ:
(A2)
Here the buoyancy frequency, N, is given by
N2 ¼  g
ra0
dra
dz
: (A3)
[60] Solutions of the governing equations are sought for a
pure plume (f(0) = f0> 0, q(0) = 0, m(0) = 0) from a point
source at x = z = 0 in a linearly stratiﬁed ambient (N2
constant).
[61] Dimensionless governing equations can be formed by
introducing dimensionless variables (denoted with hats) by
scaling the dimensional variables using the source buoyancy
ﬂux f0 and buoyancy frequency N,
s ¼ ks1=2f01=4N3=4s^; x ¼ ks1=2f01=4N3=4x^;
z ¼ ks1=2f01=4N3=4z^; f sð Þ ¼ f0 f^ s^ð Þ;
q sð Þ ¼ ks1=2f03=4N5=4q^ s^ð Þ; m sð Þ ¼ f0N1m^ s^ð Þ:
(A4)
We note the scalings introduced anticipate that the rise
height of the plume scales with the buoyancy ﬂux to the
one-quarter power [Morton et al., 1956] when the ambient
is quiescent (V = 0). The dimensionless governing equations
become
dq^
ds^
¼ 2q^ﬃﬃﬃﬃ^
m
p m^
q^
W cos θ
 þ kW sin θj j ; (A5)
dm^
ds^
¼ f^ q^
m^
sin θ þWcos θ dq^
ds^
; (A6)
m^
dθ
ds^
¼ f^ q^
m^
cos θW sin θ dq^
ds^
; (A7)
df^
ds^
¼ q^ sin θ; (A8)
dx^
ds^
¼ cos θ; (A9)
dz^
ds^
¼ sin θ: (A10)
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[62] The dimensionless equations depend on two dimen-
sionless parameters, the ratio of the entrainment coefﬁcients
k= kw/ks, and the ratio of the wind speed to the typical buoy-
ancy-driven rise speed of the plume
W ¼
ﬃﬃﬃﬃ
ks
p
V
f 1=40 N
1=4
: (A11)
[63] For volcanic eruption columns, the buoyancy ﬂux at
the source can be related to the mass ﬂux [Sparks et al.,
1997] through
f0 ¼ g CpT  CaTa
CaTa
 
Q
ra0
; (A12)
from which we obtain equation (25).
[64] If the cross wind is taken as a linear shear ﬂow with
shear rate _g, so V zð Þ ¼ _gz, we ﬁnd
W ¼ _g
N
z^ ¼ Wsz^; (A13)
whereWs ¼ _g=N. Experimental observations [Hewett et al.,
1971] suggest k= 10, and we adopt this value here.
[65] Solutions to the system of dimensionless governing
equations (A5)–(A10) for varying crosswind speeds can be
computed numerically by varying the parameter Ws, allow-
ing the effect of the wind speed on the rise height to be de-
termined. In addition, the inﬂuence of the relative magnitude
of the entrainment coefﬁcients can be investigated by vary-
ing k. In a linear shear ﬂow, the computations show that
H/H0 monotonically decreases with Ws (Figures 4 and
A1), where H0 is the rise height of a plume in a quiescent
environment. A rational function of the form
can be used to approximate the curves in Figure A1, with the
ﬁtting coefﬁcients being functions of k. The functional rela-
tionship between the rise height and the wind parameterWs
is well approximated by the rational function given in equa-
tion (27) in the rangeWs < 5, for k= 10. For 5 ≤ k ≤ 10, the
linear relationships a= 0.87 + 0.50k, b= 1.09 + 0.32k, and
c= 0.06 + 0.03k can be used to estimate the ﬁtting coefﬁ-
cients in equation (A14).
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